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Bastidas et al. (2025) highlighted the importance of exploiting group symmetries to reduce
computational overhead and unify simulation methods across both condensed matter physics and
ab initio quantum chemistry. I discuss the discrete character transform, which is the group Fourier
transform restricted to Z(C[G]), the center of the group algebra, where class functions form a
commutative convolution algebra and irreducible characters are its spectral basis. The normalized
character table of a non-abelian group can be obtained through a restriction operator, which means
an efficient quantum character transform for any finite group with an efficient quantum Fourier
transform. I give complementary quantum algorithms for class convolution based on direct class-
sum block encoding and spectral implementation in the character basis, explaining their applications
to symmetry-adapted many-body dynamics, molecular and spectroscopic symmetry analysis, and
quantum walks, as well as characterizing the central information used in hidden-subgroup problems,
including its limitations for graph isomorphism.

I. INTRODUCTION

Quantum chemistry is widely considered one of the
most promising and impactful commercial applications
for early quantum computers, because molecular elec-
tronic structure is in essence quantum mechanical and
its accurate classical description can require resources
that grow prohibitively with system size [18, 48]. Yet,
representing a molecular Hamiltonian on a quantum
computer does not by itself make a calculation efficient.
Practical algorithms must also identify and exploit the
symmetries that constrain the physically relevant state
space. Point-group, permutation, spin, and other fi-
nite symmetries decompose molecular Hilbert spaces
into invariant sectors, where states and observables can
be organized by irreducible representations. Character
tables describe exactly this decomposition, support-
ing the classification of molecular orbitals and normal
modes, the derivation of infrared and Raman selec-
tion rules, and the block diagonalization of symmetry-
preserving Hamiltonians [9, 14, 23, 37]. Their pure
mathematical foundations reach back to Frobenius’s
analysis of the group determinant [29, 30], Burnside’s
systematization of finite-group representation theory
[16, 17], and Schur’s development of linear and pro-
jective representation theory [53, 54]. As chemistry
becomes a major target for quantum hardware, com-
puting and manipulating character data has become
more than a classificatory concern.

The abelian quantum Fourier transform and Ki-
taev’s phase-estimation algorithm showed that spec-
tral information can be extracted efficiently under
a change of basis. Beyond the abelian case, effi-
cient transforms over specific nonabelian families, most
prominently Beals’s transform for the symmetric group
[6] and the Schur transform of Bacon, Chuang, and
Harrow [4], proved that noncommutative harmonic
analysis can also be implemented efficiently when rep-
resentation bases and branching rules allow recursive
quantum circuits. In the literature, the term ”charac-
ter transform” has described two distinct operations.
Greg Kuperberg’s early use of the term [46] should not
be confused with the class-condensed unitary operator
used today. While related, in his 2003 work on the

Hidden Subgroup Problem, Kuperberg uses the term
to refer to a non-abelian Fourier transform on the full
group representation space. Over a decade prior, a
more compact, class-based change of basis was already
implicit in character-theoretic literature used through-
out classical chemistry to analyze molecular systems
by symmetry. In Cotton’s book Chemical Applications
of Group Theory, the Great Orthogonality Theorem
gives the class-weighted orthogonality relations under-
lying molecular character tables [23]. With normalized
conjugacy-class coordinates, these relations make the
matrix with entries

UΓ,C =

√︄
|C|
|G|

χΓ(C)

unitary, with rows indexed by irreducible characters
and columns by conjugacy classes. In 2015, Bermejo-
Vega and Zatloukal placed this class-to-character
change of basis within quantum Fourier analysis over
abelian hypergroups, showing how the group quan-
tum Fourier transform can access the character ba-
sis of conjugation-invariant states [8]. Most recently,
Bastidas, Liu, Chuang, and colleagues elevated this
class-based unitary to a definitive quantum operation
[5]. Recognizing that element-level tracking can be-
come resource-intensive on near-term quantum hard-
ware, Bastidas et al. deployed this class-based unitary
directly inside quantum circuits as an active symmetry
transform. By shifting the state vector into conjugacy-
class and irreducible-representation coordinates, they
enable symmetry-adapted projection and block diago-
nalization, such that physically relevant symmetry sec-
tors can be isolated and manipulated coherently; they
further demonstrated this symmetry-adapted subrou-
tine for molecular hydrogen, H2, experimentally on
IBM quantum hardware in the presence of noise.

That transform is the Quantum Character Trans-
form. For a finite group G, the class sums form a ba-
sis of the center Z(C[G]), while the irreducible group
characters provide its spectral basis. The class algebra
is the commutative convolution algebra of conjugacy-
invariant functions on G, and the normalized character
table gives the unitary change of basis between nor-
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malized conjugacy-class and irreducible-character co-
ordinates. The discrete character transform is non-
abelian Fourier analysis restricted to the center of the
group algebra, and because commutativity is often eas-
ier to work with, it enables efficient spectral calcu-
lus for Z(C[G]). This has an important algorithmic
consequence, as once the QCT is available, one can
pass in both directions between central operators and
their spectra. Given a class function f , the transform
exposes the spectrum of a class convolution operator
Tf ; conversely, a prescribed eigenvalue profile over ir-
reducible sectors creates, through the inverse QCT,
an associated class operator. This operator synthe-
sis approach situates the quantum character transform
in the same conceptual family as modern quantum
singular-value and polynomial transformation meth-
ods, where diagonal manipulations in the character
basis become operator transformations in the original
basis.

Seen through its history, the expected applications
of the discrete character transform are wide. If f is
supported on a conjugacy class or union of classes,
then Tf is the adjacency operator of a normal Cay-
ley graph, so the character transform allows direct ac-
cess to its spectrum and to the quantum-walk Hamil-
tonians generated by such graphs. If Tf is used in-
side a phase-estimation-style routine, irreducible sec-
tors with distinguishable eigenvalues can be discrim-
inated, which connects directly to symmetry projec-
tion and to the generalized symmetry-adapted con-
structions advocated by Bastidas et al. If one in-
stead applies polynomial or rational functions of Tf ,
the same mechanism becomes a central spectral fil-
ter, a Green’s-function/resolvent primitive, or a tool
for isolating selected symmetry sectors before simula-
tion or measurement. The character transform is also
most compelling from the standpoint of compression.
The full nonabelian QFT acts on C[G], whose dimen-
sion is |G|, whereas the QCT acts only on the class
algebra, whose dimension is d = k(G), the number of
conjugacy classes. The natural state-space dimension
of the transform is k(G) ≤ |G|, and for binary encod-
ing, ⌈log2 k(G)⌉ qubits. For noncommutative groups
such as Sn, this becomes a dramatic asymptotic com-
pression of the representation space. That compression
is capitalizable whenever the relevant data is already
conjugacy-invariant, and it has a useful connection
to symmetry-aware machine learning. Class-algebra
features are the compressed harmonic representatives
of data defined only up to relabeling or conjugation,
much as invariant and equivariant architectures exploit
group structure to reduce model complexity and im-
prove generalization.

I develop an algorithmic theory of the center
Z(C[G]). We first establish the discrete character
transform’s correct relation to the full non-abelian
quantum Fourier transform, showing that the nor-
malized character table of G is procured by restrict-
ing the group Fourier transform to the conjugation-
invariant subspace and coherently removing the re-
dundant matrix-index degrees of freedom. This gen-
eral algorithm is efficient for all known finite groups

admitting an efficient quantum Fourier transform,
and unites earlier character-basis works in a common
and comprehensive operator-theoretic framework. I
then use modern group convolution methods to build
quantum algorithms specifically for class convolution,
and show how they support central-operator synthesis
and spectral manipulation. I also apply this trans-
form to symmetry-adapted many-body and molecu-
lar problems, quantum walks, and hidden-subgroup
settings, where the information retained by restric-
tion to the center and the limit of its usefulness
for graph-isomorphism-type problems is clarified. An
open-source implementation and benchmarking frame-
work for the QCT and the class-convolution algorithms
is under active development. Preliminary quantum-
hardware experiments have been conducted for the
QCT over Dn and class convolution over S4, with scal-
ing results and empirical comparisons against classical
GPU implementations to be reported in a subsequent
version of this manuscript.

II. GROUP ALGEBRAS

The group algebra C[G] is the complex vector space
spanned by the elements of G, consisting of all formal
sums

x =
∑︂
g∈G

f(g) g, f : G → C.

Multiplication is defined by bilinearly extending the
group law, making C[G] a generally noncommutative
group ring of G over C. The function algebra C(G) is
the space of complex-valued functions on G, equipped
with pointwise multiplication, (f1f2)(g) = f1(g)f2(g).
Every group algebra element x is uniquely determined
by its coefficient function f : G → C, so there is a
canonical vector space isomorphism C[G] ∼= C(G). Al-
though isomorphic as vector spaces, they differ as alge-
bras, C(G) uses pointwise multiplication, whereas un-
der this identification, the product of two group alge-
bra elements x1 =

∑︁
g f1(g)g and x2 =

∑︁
g f2(g)g is

represented by the convolution

(f1 ∗ f2)(h) =
∑︂
g∈G

f1(g)f2(g−1h), (1)

which forms the algebraic foundation for Fourier anal-
ysis on G. The Fourier transform diagonalizes convolu-
tion, reducing convolution to pointwise multiplication
in the Fourier basis.

The center of the group algebra, Z(C[G]), consists of
the elements x commuting with every other element.
Since the elements g ∈ G form a basis of C[G], it suffices
to verify commutation with each basis element. Under
the canonical vector space isomorphism C[G] ∼= C(G),
this condition is the same as the coefficient function
being constant on conjugacy classes, that is, to being
a class function. The class algebra, C(G), is the subal-
gebra of C[G] consisting of all class functions,

C(G) :=
{︁
f ∈ C(G) | f(hgh−1) = f(g), ∀g, h ∈ G

}︁
.

(2)
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As a vector space, C(G) is indexed by the conjugacy
classes of G. For each conjugacy class C ∈ Conj(G),
define its indicator function by 1C(g). The collec-
tion {1C} forms a basis for C(G). To obtain an or-
thonormal basis, these indicator functions must be nor-
malized. The normalized counting inner product on
C(G) is ⟨f1, f2⟩ = 1

|G|
∑︁
g∈G f1(g)f2(g), and following,

⟨1C ,1C⟩ = |C|
|G| . The size of a conjugacy class is related

to the size of its centralizer Zg = {h ∈ G | hg = gh}
by the orbit–stabilizer theorem, |C| = |G|

|Zg| . Hence the

normalized class basis is

{1̂C(g)} =

{︄√︁
|Zg|, g ∈ C,

0, otherwise,
(3)

where g is any representative of the conjugacy class C.
The class algebra inherits the inner product ⟨f1, f2⟩ =∑︁
C

|C|
|G| f1(C)f2(C), under which the irreducible char-

acters form an orthonormal basis.

A. The Quantum Character Transform

The irreducible characters are a special family of
class functions, namely, the Fourier basis for the center
of the group algebra, satisfying

χΓ(g) = χΓ(hgh−1), ∀ g, h ∈ G.

Together with the normalized conjugacy-class indica-
tor functions, they form two orthonormal bases of the
class algebra.

Definition. The Discrete Character Transform is the
change of basis between the conjugacy-class basis of
Z(C[G]) and the irreducible character basis,

UCT : Z(C[G]) −→ C[ˆ︁G].

For each conjugacy class C ∈ Conj(G), define its
class sum K =

∑︁
g∈C g ∈ Z(C[G]), these class sums

form a basis of the center Z(C[G]). Under amplitude
encoding, the normalized indicator functions become
the class states |C⟩ = |C|−1/2

∑︁
g∈C |g⟩. Likewise, each

irreducible character defines the normalized quantum
state |χΓ⟩ =

∑︁
C

√︁
|C|/|G|χΓ(C)|C⟩. From this uni-

tary representation, comes the Quantum Character
Transform (QCT),

∑︂
C

aC |C⟩ ↦−→
∑︂
Γ∈ˆ︁G

(︄∑︂
C

aC χΓ(C)∗

√︄
|C|
|G|

)︄
|Γ⟩. (4)

Bastidas et al. introduced the Quantum Character
Transform as the normalized character table appear-
ing in a symmetry-adapted projection circuit. Their
framework indexes the input register by conjugacy
classes and the output register by irreducible rep-
resentations, thereby obtaining the normalized char-
acter matrix, whose orientation as a forward or in-
verse transform determines whether its entries are√︁
|C|/|G|χΓ(C)∗ or their complex conjugates. This

operational definition established the transform as a
useful ingredient for coherent projection onto symme-
try sectors, but left implicit the algebraic space on
which it acts and its precise relation to the non-abelian
group Fourier transform. Additionally, they extract
the character transform from the full group Fourier
through a probabilistic postselection of the matrix-
index registers, which introduces a success-probability
overhead. The following theorem shows that this pro-
jection is unnecessary; the redundant matrix-index de-
grees of freedom can instead be removed coherently
and deterministically.

Theorem II.1 (Center restriction). The Quantum
Character Transform is the restriction of the group
Fourier transform to the center,

FG |Z(C[G])
∼= UQCT.

Proof. Let G be a finite group, ˆ︁G a complete set of
inequivalent irreducible unitary representations, and
FG : C[G] −→

⨁︁
Γ∈ˆ︁G VΓ ⊗ V ∗

Γ the nonabelian Fourier
transform. Applying the Fourier transform to a nor-
malized conjugacy-class state,

FG |C⟩ =
1√︁
|C|

∑︂
g∈C

FG |g⟩

=
∑︂
Γ∈ˆ︁G

√︄
dΓ

|G||C|
∑︂
i,j

⎛⎝∑︂
g∈C

ρΓ(g−1)

⎞⎠
ij

|Γ, i, j⟩.

Since C−1 is a conjugacy class, the operator∑︁
g∈C ρΓ(g−1) commutes with every ρΓ(h). By Schur’s

lemma,
∑︁
g∈C ρΓ(g−1) = αΓ,CIdΓ for some scalar αΓ,C .

Taking traces, αΓ,C = |C|χΓ(C
−1)

dΓ
= |C|χΓ(C)∗

dΓ
, and

therefore ∑︂
g∈C

ρΓ(g−1) =
|C|χΓ(C)∗

dΓ
IdΓ .

The identity matrix spans the unique invariant line
in VΓ ⊗ V ∗

Γ , namely vec(IVΓ
) =

∑︁
i |i, i⟩. Let |IΓ⟩ =

1√
dΓ

vec(IVΓ). Substituting,

FG |C⟩ =
∑︂
Γ∈ˆ︁G

√︄
|C|
|G|dΓ

χΓ(C)∗
dΓ∑︂
i=1

|Γ, i, i⟩

=
∑︂
Γ∈ˆ︁G

√︄
|C|
|G|

χΓ(C)∗|Γ⟩|IΓ⟩.

Thus every conjugacy-class state is mapped into
the invariant line of each irreducible block, and

Im
(︂

FG |Z(C[G])

)︂
=
⨁︁

Γ∈ˆ︁G C |Γ⟩|IΓ⟩. Under the canoni-

cal unitary identification |Γ⟩|IΓ⟩ ↦→ |Γ⟩, the restriction
acts by

|C⟩ ↦−→
∑︂
Γ∈ˆ︁G

√︄
|C|
|G|

χΓ(C)∗ |Γ⟩,

whose matrix is the normalized character table.
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Remark. The state |IΓ⟩ = d
−1/2
Γ vec(IVΓ) is the unique

(up to phase) normalized (ρΓ ⊗ ρ∗Γ)-invariant vector
in VΓ ⊗ V ∗

Γ . Under the Choi–Jamio lkowski correspon-
dence [20, 42], it represents the identity intertwiner
on VΓ, and is the canonical maximally entangled state
associated with the irrep VΓ. Restricting the Fourier
transform to the center removes every noncentral ma-
trix direction, leaving this canonical invariant vector
in each irreducible block. The entries of the normal-
ized character table are the expansion coefficients of
conjugacy-class states in the basis of these canonical
invariant vectors.

This character-basis reduction appears in Ref. [8,
Appendix D.1]. The hypergroup algebra of the
abelian conjugacy-class hypergroup G is isomorphic
to Z(C[G]), so our formulation positions the charac-
ter transform inside the non-abelian Fourier transform
as a canonical restriction to the central subspace.

III. CLASS CONVOLUTION

Let f1, f2 ∈ C(G) be class functions. Left convo-
lution by f1 defines the action of a convolution op-
erator Tf1 by Tf1f2 = f1 ∗ f2. When G is abelian,
Z(C[G]) = C[G], and Tf is the usual translation-
invariant group-circulant convolution operator. For
cyclic groups, this is the familiar circulant Toeplitz
operator. For a general finite group, Tf is its central,
conjugacy-invariant counterpart. Since the convolu-
tion of two class functions is again a class function,
Tf restricts to an operator on Z(C[G]). Let C1, . . . , Cd
be the conjugacy classes of G. In the normalized class
basis, the matrix elements of Tf are

(Tf )ij = ⟨Ci|Tf |Cj⟩ =
1√︁

|Ci||Cj |

∑︂
g∈Ci

∑︂
h∈Cj

f(gh−1).

(5)
Choosing the alternative convolution convention re-
places f(gh−1) by f(g−1h); the two are related by
the involution f∨(g) = f(g−1). Class convolution
operators commute because Z(C[G]) is commutative,
Tf1Tf2 = Tf1∗f2 = Tf2∗f1 = Tf2Tf1 . Under the in-

volution f∗(g) = f(g−1), one has T †
f = Tf∗ . Also,

TfT
†
f = Tf∗f∗ = Tf∗∗f = T †

fTf , so every class con-
volution operator is normal. It is Hermitian when
f(g−1) = f(g) for all g ∈ G, and real symmetric when
f is real-valued and invariant under inversion.

The normalized irreducible characters form the com-
mon eigenbasis of these operators. To determine the
eigenvalue, associate to f the central group-algebra el-
ement z∨f =

∑︁
g∈G f(g)g−1.

ρΓ(z∨f ) = ˆ︁f(Γ)IVΓ
, ˆ︁f(Γ) =

1

dΓ

∑︂
g∈G

f(g)χΓ(g−1)

=
1

dΓ

d∑︂
i=1

|Ci| f(Ci)χΓ(Ci).

It follows that Tf |χΓ⟩ = ˆ︁f(Γ)|χΓ⟩. Writing D ˆ︁f =

diag( ˆ︁f(Γ))Γ∈ˆ︁G , we obtain the following.

Corollary III.1. The Discrete Character Transform
simultaneously diagonalizes the entire algebra of class
convolution operators,

UCTTfU
−1
CT = D ˆ︁f . (6)

Rearranging, Tf = U−1
CTD ˆ︁fUCT. Thus the regu-

lar representation of the class convolution algebra is
equivalent to the algebra of diagonal operators on the
irreducible-character labels,

{Tf : f ∈ Z(C[G])} ∼=
⨁︂
Γ∈ˆ︁G

C.

Class convolution over S4. As a running example,
we focus on S4. Let the conjugacy classes Ci be or-
dered as C1 = (14), C2 = (2, 12), C3 = (22), C4 =
(3, 1), C5 = (4), with respective sizes |C1| = 1, |C2| =
6, |C3| = 3, |C4| = 8, |C5| = 6. In this ordering,
the normalized character table defines the S4 quantum
character transform below.

TABLE I. Normalized character table of S4.

QCTS4
(14) (2, 12) (22) (3, 1) (4)

[4]
1√
24

1

2

1

2
√

2

1√
3

1

2

[14]
1√
24

−1

2

1

2
√

2

1√
3

−1

2

[3, 1]
3√
24

1

2
− 1

2
√

2
0 −1

2

[2, 1, 1]
3√
24

−1

2
− 1

2
√

2
0

1

2

[2, 2]
2√
24

0
1√
2

− 1√
3

0

The rows are indexed by the irreducible represen-
tations of S4, labeled by the partitions [4], [14], [3, 1],
[2, 1, 1], and [2, 2]. For a class function f , write f =∑︁d
i=1 f(Ci)1Ci

. Ergo,

Tf =

d∑︂
i=1

f(Ci)TCi
, TCi

:= T1Ci
. (7)

The operators TCi
form a basis for the algebra of class

convolution operators. In the normalized conjugacy-
class basis, for S4 these operators are

T(14) = I5,

T(2,12) =

⎛⎜⎝ 0
√
6 0 0 0√

6 0
√
2 2

√
3 0

0
√
2 0 0 2

√
2

0 2
√
3 0 0 2

√
3

0 0 2
√
2 2

√
3 0

⎞⎟⎠,
T(22) =

⎛⎝ 0 0
√
3 0 0

0 1 0 0 2√
3 0 2 0 0
0 0 0 3 0
0 2 0 0 1

⎞⎠,
T(3,1) =

⎛⎝ 0 0 0 2
√
2 0

0 4 0 0 4
0 0 0 2

√
6 0

2
√
2 0 2

√
6 4 0

0 4 0 0 4

⎞⎠,
T(4) =

⎛⎜⎝ 0 0 0 0
√
6

0 0 2
√
2 2

√
3 0

0 2
√
2 0 0

√
2

0 2
√
3 0 0 2

√
3√

6 0
√
2 2

√
3 0

⎞⎟⎠.

(8)
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These matrices commute and form the regular ma-
trix representation of Z(C[S4]). By (6), the Character
Transform simultaneously diagonalizes the basis oper-

ators, U
(S4)
CT TCi

(︂
U

(S4)
CT

)︂†
= DCi , and by the eigenvalue

formula (III),

D(14) = diag(1, 1, 1, 1, 1),

D(2,12) = diag(6,−6, 2,−2, 0),

D(22) = diag(3, 3,−1,−1, 3),

D(3,1) = diag(8, 8, 0, 0,−4),

D(4) = diag(6,−6,−2, 2, 0).

Every class convolution operator Tf is diagonalized by
the same transform where

D ˆ︁f = diag
(︂ ˆ︁f([4]), ˆ︁f([14]), ˆ︁f([3, 1]), ˆ︁f([2, 1, 1]), ˆ︁f([2, 2])

)︂
= diag

⎛⎜⎝ f(C1)+6f(C2)+3f(C3)+8f(C4)+6f(C5)
f(C1)−6f(C2)+3f(C3)+8f(C4)−6f(C5)

f(C1)+2f(C2)−f(C3)−2f(C5)
f(C1)−2f(C2)−f(C3)+2f(C5)

f(C1)+3f(C3)−4f(C4)

⎞⎟⎠.
Conversely, reconstructing from the character-domain
spectrum,

Tf =
(︂
U

(S4)
QCT

)︂†
D ˆ︁fU (S4)

QCT

=

⎛⎜⎜⎜⎜⎜⎝
a b c d e

b r g h i

c g j k ℓ

d h k m h

e i ℓ h r

⎞⎟⎟⎟⎟⎟⎠ ,

a = f(C1), r = f(C1) + f(C3) + 4f(C4),

b =
√

6 f(C2), g =
√

2(f(C2) + 2f(C5)) ,

c =
√

3 f(C3), h = 2
√

3(f(C2) + f(C5)) ,

d = 2
√

2 f(C4), i = 2f(C3) + 4f(C4),

e =
√

6 f(C5), j = f(C1) + 2f(C3),

k = 2
√

6 f(C4), ℓ =
√

2(2f(C2) + f(C5)) ,

m = f(C1) + 3f(C3) + 4f(C4).

The reconstructed class operator is symmetric and ex-
hibits a pronounced Hankel-like repeated-entry struc-
ture. In fact, the apparent 5 × 5 density is highly
redundant. Since the first row already determines the
class-function coefficients,

f(C1) = a, f(C2) =
b√
6
, f(C3) =

c√
3
,

f(C4) =
d

2
√

2
, f(C5) =

e√
6
,

every remaining entry is fixed by a, b, c, d, e.

r = a+
c√
3

+
√

2 d, g =
b+ 2e√

3
, h =

√
2 (b+ e),

i =
2c√

3
+
√

2 d, k =
√

3 d, ℓ =
2b+ e√

3
.

The entire 25-entry operator can be written in terms
of its five-entry first row. The class-convolution op-
erators form a five-dimensional complex subspace of
the 15-dimensional complex vector space of symmetric
5 × 5 matrices. Indeed, eliminating the class-function
coefficients in favor of a, b, c, d, e shows

Tf =

⎛⎜⎜⎜⎝
a b c d e

b a+ c√
3
+
√
2 d b+2e√

3

√
2 (b+e) 2c√

3
+
√
2 d

c b+2e√
3

a+ 2c√
3

√
3 d 2b+e√

3

d
√
2 (b+e)

√
3 d a+

√
3 c+

√
2 d

√
2 (b+e)

e 2c√
3
+
√
2 d 2b+e√

3

√
2 (b+e) a+ c√

3
+
√
2 d

⎞⎟⎟⎟⎠.
The entry relations and Hankel-like patterns visible in
this S4 example are from the constrained class algebra,
as opposed to the translation-invariant abelian group
algebras in which convolution operators take Toeplitz
form. While this specific reflection pattern depends on
the group, and the ordering of conjugacy classes, the
strong global redundancy that it exhibits persists for
general class convolution operators.

A. Implementation Methods

Quantum class convolution is now of interest as a
symmetry-reduced form of group convolution, but the
underlying class algebra also has a long history in clas-
sical representation theory and physical applications.
For symmetric groups, class-sum products have been
studied in connection with systems of identical parti-
cles [43], while Harrison and Scott used the standard
representation of the S3 class algebra to construct a
charged-lepton mass matrix whose spectral structure
is determined by S3 character data [39]. Earlier this
decade, quantum algorithms for the more general prob-
lem of group convolution and cross-correlation were
developed by Castelazo et al. [19]. Naively, convolu-
tion is computed through the full nonabelian Fourier
transform, where it becomes multiplication within ir-
reducible Fourier blocks. For a class function, Schur’s
lemma makes the Fourier blocks scalar, so the in-
ternal matrix indices are unnecessary for the con-
volution spectrum. The diagonalization above pro-
vides two complementary implementations specialized
to this central case. One may construct Tf directly as
a linear combination of class-sum operators, or mate-
rialize it spectrally by conjugating a diagonal operator
with the character transform. For Hermitian Tf , the
same spectral representation computes the evolution
e−itTf .

Direct Class-Sum Block Encoding

A direct implementation is natural when the class
function is specified explicitly in the conjugacy-
class basis, particularly when only a small num-
ber of conjugacy classes have nonzero coefficients,
as occurs in sparse class functions and in many
weighted Cayley-graph, combinatorial-Laplacian, and
symmetry-adapted averaging operators. One may di-
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rectly realize the convolution through a coherent su-
perposition of left-regular group actions, yielding a
block encoding whose complexity depends on the re-
quired state preparation and controlled group actions.
This does not require an implementation of the QCT.

Let Lg denote the left-regular action (Lgf2)(h) =
f2(g−1h). For the convolution convention adopted
above, TCi

=
∑︁
g∈Ci

Lg, and

Tf =

d∑︂
i=1

f(Ci)
∑︂
g∈Ci

Lg =
∑︂
g∈G

f(g)Lg.

Thus, a class convolution operator is a linear combi-
nation of unitary left-regular group actions with co-
efficients constant on conjugacy classes. Define the
normalization

αf =

d∑︂
i=1

|Ci| |f(Ci)| =
∑︂
g∈G

|f(g)|.

Assuming coherent access to the class weights and
phases of f , efficient preparation of normalized
conjugacy-class states, and efficient controlled group
multiplication, the following operations can be imple-
mented coherently:

PREPf |0⟩ =
1

√
αf

d∑︂
i=1

√︁
|Ci| |f(Ci)| |i⟩

1√︁
|Ci|

∑︂
g∈Ci

|g⟩,

SELECTf : |i⟩|g⟩|ψ⟩ ↦−→ f(Ci)

|f(Ci)|
|i⟩|g⟩Lg|ψ⟩.

(9)
The phase may be chosen arbitrarily whenever f(Ci) =

0. Then Uf =
(︂

PREP†
f ⊗I

)︂
SELECTf (PREPf ⊗I)

satisfies (⟨0|⊗I)Uf (|0⟩⊗I) =
Tf

αf
, so Uf is an (αf , a, 0)-

block encoding of Tf , where a is the number of ancilla
qubits needed by the class and group-element registers
[33].

|0⟩ PREPf

SELECTf

PREP†
f

|ψ⟩

FIG. 1. Direct class-sum block encoding of a class convo-
lution operator. The preparation oracle PREPf prepares a
weighted superposition over conjugacy classes and their ele-
ments, while SELECTf coherently applies the correspond-
ing left-regular action with the class-dependent phase. Un-
computing the ancilla yields a block encoding of Tf/αf .

Proposition III.2 (Direct class-sum block encoding).
Let 0 ̸= f ∈ C(G). Tf/αf has an exact block encoding
with complexity

2 cost(PREPf ) + cost(SELECTf ).

Because each Lg acts on the full group algebra and
Tf preserves its center, the same block encoding re-
stricts to Z(C[G]). This is the central specialization of

the linear combination of unitaries method for general
group convolution in Ref. [19]. The block encoding is
efficient whenever the required class-state preparation
and controlled left-regular action are also of low gate
complexity.

Consider the conjugacy class C(3,1) in S4,

{(123), (132), (124), (142), (134), (143), (234), (243)}.

The associated class-convolution operator on the
group-element basis is T(3,1) =

∑︁
g∈C(3,1)

Lg where

Lg |x⟩ = |gx⟩ . T(3,1) is an equal-weight linear com-
bination of eight permutation unitaries, and because
|C(3,1)| = 8, a three-qubit selector register can be

prepared using only Hadamard gates: H⊗3 |000⟩ =
1√
8

∑︁7
r=0 |r⟩ .

|000⟩ H⊗3 H⊗3

|ψ⟩ SELECT(3,1)

FIG. 2. Direct class-sum block encoding of T(3,1). The se-
lector register is prepared in a uniform superposition over
the eight elements of C(3,1), and SELECT(3,1) coherently
applies the corresponding left-regular actions. Uncomput-
ing the selector yields T(3,1)/8 in the |000⟩ block.

Choose an ordering C(3,1) = {g0, . . . , g7} and define

SELECT(3,1) =

7∑︂
r=0

|r⟩⟨r| ⊗ Lgr .

The LCU circuit has upper-left block(︁
⟨000|H⊗3 ⊗ I

)︁
SELECT(3,1)

(︁
H⊗3 |000⟩ ⊗ I

)︁
=

1
8T(3,1). Hence the circuit is an exact block encoding
of the class sum with normalization factor α(3,1) = 8.
On the normalized conjugacy-class states |Ci⟩ , the
same operator has matrix entries

(︁
T(3,1)

)︁
kj

= pk(3,1),j

√︄
|Ck|
|Cj |

,

where pk(3,1),j are the class-algebra structure constants

(also intersection numbers) defined by

K(3,1)Kj =
∑︂
k

pk(3,1),jKk, Kj =
∑︂
x∈Cj

x.

For instance,

T(3,1) |C1⟩ =
∑︂

g∈C(3,1)

|g⟩ =
√

8 |C(3,1)⟩ = 2
√

2 |C(3,1)⟩ ,

which is the entry 2
√

2 in the first column of the com-
pressed class-basis matrix of T(3,1).

Under the isomorphism S4
∼= Td, the class C(3,1)

is the eight proper threefold rotations of tetrahedral
symmetry [23]. Under a molecular representation ρ,
the class sum operator

∑︁
g∈C(3,1)

ρ(g) represents the
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equal-weight sum of the C3,1 symmetry operations,
and applied to a molecular state, its normalized form
acts as a symmetry-adapted filter according to the
state’s response under threefold rotational symme-

try. In the character basis, 1
8U

(S4)
QCTT(3,1)

(︂
U

(S4)
QCT

)︂†
=

diag
(︁
1, 1, 0, 0,−1

2

)︁
, so the sectors with eigenvalue 1

are preserved, those with eigenvalue 0 are annihilated,
and the remaining sector is multiplied by −1/2.

Spectral Implementation through the QCT

Access to the quantum character transform provides
a second implementation strategy in which a class con-
volution operator is specified by its eigenvalues instead
of its expansion in group actions. In the irreducible-
character basis, Tf is diagonal, with entries given by

the spectral coefficients ˆ︁f(Γ), which is useful for op-
erations defined spectrally. The spectral representa-
tion can also improve the block-encoding normaliza-

tion, since it depends on maxΓ | ˆ︁f(Γ)| instead of the ℓ1
weight of the class-sum decomposition.

Let

βf ≥ max
Γ∈ˆ︁G

⃓⃓⃓ ˆ︁f(Γ)
⃓⃓⃓

= ∥Tf∥.

Let ˆ︁fϵ(Γ) be a finite-precision encoding of ˆ︁f(Γ), chosen

such that maxΓ∈ˆ︁G
⃓⃓⃓ ˆ︁fϵ(Γ) − ˆ︁f(Γ)

⃓⃓⃓
≤ ϵβf ,

⃓⃓⃓ ˆ︁fϵ(Γ)
⃓⃓⃓
≤

βf . Define the reversible spectral oracle O ˆ︁f : |Γ⟩|y⟩ ↦−→
|Γ⟩|y ⊕ ˆ︁fϵ(Γ)⟩, so that O ˆ︁f |Γ⟩|0⟩ = |Γ⟩| ˆ︁fϵ(Γ)⟩. Using

reversible arithmetic, condition an ancilla amplitude-
and-phase operation on the encoded value so that

(⟨0|anc ⊗ I)UD ˆ︁fϵ (|0⟩anc ⊗ I) =
D ˆ︁fϵ
βf
, where the

ancilla contains the spectral-value and signal reg-
isters. Conjugating this block encoding by the

QCT, U spec
f =

(︃
I ⊗

(︂
U

(G)
QCT

)︂†)︃
UD ˆ︁fϵ

(︂
I ⊗ U

(G)
QCT

)︂
,

which satisfies
⃦⃦⃦

(⟨0|anc ⊗ I)U spec
f (|0⟩anc ⊗ I) − Tf

βf

⃦⃦⃦
≤

ϵ. U spec
f is an ϵ-approximate block encoding of Tf with

spectral normalization βf .

|ψ⟩ QCT

O ˆ︁f O†ˆ︁f
QCT−1

|0⟩val

|0⟩sig Amp

FIG. 3. Spectral implementation of a class convolution
operator. The QCT maps the input into the irreducible-
character basis, where the oracle O ˆ︁f computes the spec-

tral coefficients ˆ︁f(Γ). The gate Amp performs a controlled
amplitude encoding using the normalized spectral valuesˆ︁f(Γ)/βf . After uncomputing the spectral register and ap-
plying QCT−1, the circuit is an ϵ-approximate block encod-
ing of Tf/βf on the input register, relative to the |0⟩val|0⟩sig
ancilla state.

Proposition III.3 (Spectral block encoding through

the QCT). Let f ∈ Z(C[G]), and βf ≥ maxΓ∈ˆ︁G | ˆ︁f(Γ)|.
Then Tf/βf has an ϵ-approximate block encoding with
complexity

2 cost(QCT) + 2 cost(O ˆ︁f ) + polylog(1/ϵ),

where ϵ is the precision of the diagonal block encoding.

Choosing the optimal spectral normalization, βf =

maxΓ∈ˆ︁G | ˆ︁f(Γ)| = ∥Tf∥,

βf ≤
∑︂
i

|Ci| |f(Ci)| = αf .

The inequality may be strict, so the spectral imple-
mentation can have a smaller normalization than the
direct LCU construction.

The same spectral construction applies to functions
of Tf . For a computable scalar function ϕ,

ϕ(Tf ) = U†
QCT diag

(︂
ϕ( ˆ︁f(Γ))

)︂
UQCT.

If ϕ(x) = e−itx,

e−itTf = U†
QCT diag

(︂
e−it

ˆ︁f(Γ))︂UQCT.

Hamiltonian simulation can be performed by replacing
the amplitude-encoding operation in Fig. 3 with the

diagonal phase operation Uphase(t)|Γ⟩ = e−it
ˆ︁f(Γ)|Γ⟩.

Proposition III.4 (Hamiltonian simulation through
the QCT). Let Tf be Hermitian. Given coherent ac-
cess to the spectral coefficients through O ˆ︁f , the evo-

lution e−itTf can be implemented to precision ϵ with
complexity

2 cost(QCT) + 2 cost(O ˆ︁f ) + cost(Urot(t, ϵ)).

The final term accounts for the reversible arithmetic
and phase-rotation circuit applying Uphase(t) to preci-

sion ϵ once ˆ︁f(Γ) has been computed. Quantum phase
estimation is not required; the QCT supplies the eigen-
basis, while O ˆ︁f supplies the eigenvalues. Other ef-

ficiently computable unit-modulus spectral functions
can be implemented by replacing the phase e−itx, while
bounded spectral functions that are not unit modu-
lus require an appropriate diagonal block encoding or
a polynomial-transformation procedure such as quan-
tum singular value transformation [33].

IV. ALGORITHM BY RESTRICTION

The Restriction Theorem facilitates a universal im-
plementation strategy for the QCT. By Theorem II.1,
the non-abelian Fourier transform maps the center into
the invariant lines

FG |ψ⟩ =
∑︂
Γ∈ˆ︁G

ˆ︁ψ(Γ) |Γ⟩ |IΓ⟩ ,
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where |IΓ⟩ = 1√
dΓ

vec(IVΓ
) = 1√

dΓ

∑︁dΓ
i=1 |i, i⟩ is the

canonical maximally entangled state in Theorem II.1.
Thus, on the Fourier image of the center, the matrix-
index registers contain no independent information
about |ψ⟩; conditioned on Γ, they occupy the known
state |IΓ⟩. A restriction algorithm coherently un-
prepares these states, leaving only the irreducible-
character amplitudes.

Definition (Restriction operator). Define the restric-
tion operator

RG :=
∑︂
Γ∈ˆ︁G

|Γ⟩⟨Γ| ⊗ ⟨IΓ| .

In the irreducible-block decomposition of the Fourier
space, RG = diag

(︁
⟨IΓ1

| , . . . , ⟨IΓd
|
)︁
, and its action on

the invariant subspace is

RG
(︁
|Γ⟩ |IΓ⟩

)︁
= |Γ⟩ .

The restriction operator is a partial isometry from
the full Fourier space onto the character space. In par-

ticular, RGR†
G = I|ˆ︁G|, while R†

GRG =
∑︁

Γ∈ˆ︁G |Γ⟩⟨Γ| ⊗
|IΓ⟩⟨IΓ| , which is the orthogonal projector onto

Im
(︂

FG |Z(C[G])

)︂
=
⨁︁

Γ∈ˆ︁G C |Γ⟩ |IΓ⟩ . On this sub-

space, RG is the canonical unitary identification with
the character space established by the Restriction The-
orem. Consequently,

UQCT = RGFG
⃓⃓
Z(C[G]).

To implement this identification coherently, for each
positive integer d we need a maximally-entangled-state
preparation unitary Wd satisfying

Wd |0, 0⟩ = |Id⟩ :=
1√
d

d−1∑︂
i=0

|i, i⟩ . (10)

In a logical d-dimensional encoding, such a uni-
tary can be compiled by applying the Fourier trans-
form Fd to the first matrix-index register, followed
by the controlled-addition operation SUMd |i, j⟩ =
|i, j + i mod d⟩ , so that

Wd = SUMd(Fd ⊗ I). (11)

Then, W †
d |Id⟩ = (F †

d ⊗ I) SUM†
d |Id⟩ = |0, 0⟩ . For

d = 2, F2 = H and SUM2 = CNOT, and one can use
W2 = CNOT(H ⊗ I), the standard Bell-state prepara-
tion circuit. Taking the matrix-index registers to have
a common ambient dimension, extend each WdΓ arbi-
trarily to a unitary on these registers. The resulting
controlled unitary is

RW
G :=

∑︂
Γ∈ˆ︁G

|Γ⟩⟨Γ| ⊗W †
dΓ
. (12)

It satisfies RW
G
(︁
|Γ⟩ |IΓ⟩

)︁
= |Γ⟩ |0, 0⟩ , and hence, for

every |ψ⟩ ∈ Z(C[G]), RW
G FG |ψ⟩ =

(︁
UQCT |ψ⟩

)︁
|0, 0⟩ .

The matrix-index registers are returned to the fixed
state |0, 0⟩ and can be discarded without loss of coher-
ence.

1 Restriction Algorithm for QCTG

1: Input: State |ψ⟩ ∈ Z(C[G]), encoded in the full
group register as a superposition of normalized
conjugacy-class states.

2: Apply the group QFT: |ϕ⟩ = FG |ψ⟩ .
3: Apply the controlled restriction:

RW
G |ϕ⟩ = (UQCT |ψ⟩) |0, 0⟩ .

4: Discard the matrix-index registers |0, 0⟩.
5: Output: UQCT |ψ⟩ in the irreducible-character

basis.

The additional cost of the restriction step is that of

the controlled inverses W †
dΓ

, so

cost(QCTG) = cost(QFTG) + cost(RW
G ).

The restriction overhead is the cost of implement-

ing W †
dΓ

coherently from the irrep label Γ. Because

d2Γ ≤ |G|, the joint matrix-index space has dimension at
most |G|, so the restriction step uses O(log |G|) matrix-
index qubits under a binary encoding. For families of
finite groups in which dΓ can be efficiently computed
from Γ, the restriction step reduces to coherently con-
trolled generalized Bell-state unpreparation and can
be implemented with complexity polynomial in log |G|
and log(1/ϵ). This holds for finite-group families with
an efficient QFT and access to representation data,
such as Dn, whose irreducible representations have di-
mension one or two, and Sn, where irreducible repre-
sentations Γ are indexed by partitions λ ⊢ n and dΓ is
efficiently computable from the hook-length formula.

While the restriction algorithm operates on the full

group space, its output has dimension k(G) = |ˆ︁G|, with
one label per irreducible representation. A full group
register uses ⌈log2 |G|⌉ qubits, while the character reg-
ister requires only ⌈log2 k(G)⌉. This reduction pro-
vides a natural space-complexity parameter for com-
paring a class-native QCT with the restriction of a
full group Fourier transform. When k(G) grows sub-
stantially more slowly than |G|, a QCT algorithm that
works completely in the class basis acts on an asymp-
totically smaller state space, meaning smaller group-
specific transform circuits may be possible.

Remark (Central compression). For a finite group G,
the commuting probability is

cp(G) =
|{(g, h) ∈ G2 : gh = hg}|

|G|2
=
k(G)

|G|
,

where k(G) = |Conj(G)|. Since dimZ(C[G]) =
k(G),dimC[G] = |G|, it follows that

cp(G) =
dimZ(C[G])

dimC[G]
.

The ratio between the QCT and QFT state-space di-
mensions is the commuting probability of the group,

with |G|
k(G) = cp(G)−1 being the state-space compres-

sion factor for non-abelian groups.
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For metacyclic groups such as Dn, however, this di-
mensional reduction does not produce an asymptotic
reduction in register size. The dihedral group Dn has
order 2n, while

k(Dn) =

{︄
(n+ 3)/2, n odd,

n/2 + 3, n even,

so k(Dn) = n/2 + O(1). log2 |Dn| − log2 k(Dn) → 2,
and the class representation saves asymptotically only
two qubits. Efficient quantum Fourier transforms for
metacyclic groups are already known [40] with polylog-
arithmic gate complexity for Dn, so a constant reduc-
tion in register size shows no immediate indication of
an asymptotically faster class-native character trans-
form, although the existence of such a quantum circuit
has not been formally ruled out. The classical com-
plexity follows similarly. Individual irreducible char-
acters of Dn have explicit closed forms and can be
evaluated in O(1) arithmetic operations, while materi-
alizing the normalized character matrix requires writ-
ing Θ(n2) entries. A classical restriction algorithm in-
stead embeds the class representation into the group
representation, applies a fast Fourier transform, and
compresses the result back to the character represen-
tation. The embedding sends a class coefficient ai to
the constant value ai/

√︁
|Ci| on every element of Ci,

where expanding the class representation over Dn re-
quires Θ(|Dn|) = Θ(n) operations, and compression
is likewise Θ(n). Fast Fourier transforms for dihedral
groups run in time O(|Dn| log |Dn|) = O(n logn) [21],
so the embedding and compression costs do not change
the O(n logn) complexity of the classical restriction al-
gorithm.

The situation is different for the symmetric group
Sn. Its order is n!, but k(Sn) = p(n), where

p(n) ∼ 1
4n

√
3

exp(π
√︁

2n/3) is the partition number.

The group register is of size log |Sn| = Θ(n logn),
whereas log k(Sn) = Θ(

√
n), a nontrivial asymptotic

gap. A class-native algorithm can provide a polyno-
mial compression in register size. In 2016, Kawano
and Sekigawa reported an O(n3 log n) algorithm for
the Sn quantum Fourier transform [44], and a recent
reanalysis by Bruinsma, Grinko, and Ozols improves

the gate bound to ˜︁O(n3) [13]. Shortly after the initial
dissemination of this manuscript, Rathore and Zhou
shared the first known algorithm for the QCT over
Sn without passing through the full group QFT, using˜︁O(n5/2) gates and O(n) qubits [52]. While the restric-
tion algorithm inherits the complexity of the QFT and
the new Hamiltonian-based method achieves a square-
root-factor improvement in gate complexity while us-
ing O(n) qubits, a native QCT acting entirely on this
compressed class space could provide a further poly-
nomial reduction in register size. Whether that space
reduction can also yield a lower asymptotic gate com-
plexity remains the more important question, with po-
tential consequences for class convolution, symmetry-
adapted spectral algorithms, and conjugacy-invariant
formulations of graph isomorphism.

V. HIDDEN SUBGROUPS AND CENTRAL
SHADOWS

One of the primary motivations discussed for this
transform was its application to the hidden subgroup
problem over non-abelian groups, which turns out to
be quite limited. This result is not surprising, as the
restriction algorithm provides a rigorous way to under-
stand the information retained by the QCT in hidden-
subgroup problems. In the most general hidden sub-
group problem, an oracle is constant on left cosets of
an unknown subgroup H ≤ G and factors through the
left-coset space G/H [27, 41], while the data relevant
to the QCT is conjugacy invariant and factors through
the set of conjugacy classes G//G. It is obvious that the
character transform cannot reproduce the full infor-
mation available under nonabelian Fourier sampling,
but which information about H survives restriction to
the center Z(C[G])? We call the invariant the central
shadow of H, and it presents both a positive and a neg-
ative finding. It identifies the subgroup information ac-
cessible to class-convolution operators, while showing
that distinct nonconjugate subgroups with the same
central shadow cannot be distinguished by any proto-
col whose dependence on the hidden subgroup factors
entirely through the class algebra.

For each irreducible representation ρΓ : G → U(VΓ),
the normalized subgroup average determines the oper-
ator

Π
(Γ)
H =

1

|H|
∑︂
h∈H

ρΓ(h). (13)

Since averaging over H is idempotent and self-adjoint

in a unitary representation, Π
(Γ)
H is the orthogonal pro-

jector onto the H-invariant subspace [55]

V HΓ = {v ∈ VΓ : ρΓ(h)v = v for all h ∈ H}.

The full nonabelian Fourier description of the sub-
group average retains, within each irreducible sector

Γ, the matrix-valued projector Π
(Γ)
H . Its rank is

rank Π
(Γ)
H = Tr Π

(Γ)
H = dimV HΓ .

Projecting the subgroup average onto Z(C[G]) re-
moves this internal matrix structure while retaining
its conjugacy-invariant content.

Definition (Central shadow of a subgroup). Let H ≤
G. The central shadow of H is the conjugacy average
of its normalized subgroup sum,

zH :=
1

|G|
∑︂
x∈G

x

(︄
1

|H|
∑︂
h∈H

h

)︄
x−1

=
∑︂

C∈Conj(G)

|H ∩ C|
|H| |C|

KC , KC :=
∑︂
g∈C

g.

In the class basis, zH records the distribution of H
across the conjugacy classes of G. It forgets which
individual elements occur within a class and how those
elements are jointly embedded as a subgroup.
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Theorem V.1 (Character spectrum of a subgroup

central shadow). For every H ≤ G and Γ ∈ ˆ︁G, define
mΓ(H) := 1

|H|
∑︁
h∈H χΓ(h). Then

mΓ(H) = dimV HΓ

=
⟨︁
ResGH χΓ, 1H

⟩︁
H

=
⟨︂
χΓ, IndG

H 1H

⟩︂
G
.

where 1H denotes the trivial character of H. Moreover,

ρΓ(zH) =
mΓ(H)

dΓ
IdΓ ,

and hence, under the spectral convention for class con-
volution,

ˆ︁zH(Γ) =
mΓ(H)

dΓ
=

dimV HΓ
dΓ

.

The multiplicity profile
(︁
mΓ(H)

)︁
Γ∈ˆ︁G is the irreducible-

multiplicity vector of C[G/H] ∼= IndG
H 1H .

This also makes clear what is lost under the restric-
tion RG . Before restriction, the Fourier block asso-

ciated with Γ contains the projector Π
(Γ)
H , whereas

its central component is captured only by the scalar

Tr Π
(Γ)
H . At the level of the Γ-block, centralization acts

as

Π
(Γ)
H ↦−→

Tr Π
(Γ)
H

dΓ
IdΓ =

mΓ(H)

dΓ
IdΓ .

The character transform retains the dimension, but not
the orientation of the invariant subspace V HΓ within
VΓ. That missing information is encoded in the in-
ternal matrix indices present in FG and removed by
restriction to the center.

A. Weak Fourier Sampling

The same invariant appears in weak Fourier sam-
pling. For a left coset state |gH⟩ = 1√

|H|

∑︁
h∈H |gh⟩,

application of the nonabelian Fourier transform FG ,
followed by measurement of only the irreducible-
representation label Γ, gives

Pr
H

(Γ) =
|H|dΓ
|G|

rank Π
(Γ)
H =

|H|dΓ
|G|

dimV HΓ .

Thus weak Fourier sampling depends on H only
through the multiplicity profile

mH =
(︁
mΓ(H)

)︁
Γ∈ˆ︁G =

(︁
dimV HΓ

)︁
Γ∈ˆ︁G .

Equivalently, PrH(Γ) =
|H|d2Γ
|G| ˆ︁zH(Γ). The distinction

from strong Fourier sampling is that weak sampling re-
tains only the irreducible-sector weights, whereas mea-
surements of the internal Fourier indices may addition-

ally probe the matrix structure of Π
(Γ)
H removed by RG .

The class-intersection profile, central shadow, and
multiplicity profile are three descriptions of the same

conjugacy-invariant information. For two subgroups
H1, H2 ≤ G,

zH1
= zH2

⇐⇒ |H1 ∩ C|
|H1|

=
|H2 ∩ C|
|H2|

∀C ∈ Conj(G),

and, since the QCT is invertible on the center, equiv-
alently

1

|H1|
∑︂
h∈H1

χΓ(h) =
1

|H2|
∑︂
g∈H2

χΓ(g) ∀Γ ∈ ˆ︁G.
Taking C = {e} in the class-profile equality gives
|H1| = |H2|, so equality of central shadows is equiva-
lent to

|H1 ∩ C| = |H2 ∩ C| ∀C ∈ Conj(G).

This is the classical relation of almost conjugacy,
or Gassmann equivalence [32, 51, 57]. Equiva-

lently, IndG
H1

1H1
∼= IndG

H2
1H2

, and hence dimV H1

Γ =

dimV H2

Γ for every Γ ∈ ˆ︁G by Frobenius reciprocity [51,
55, 57]. Thus

zH1
= zH2

⇐⇒ H1 and H2 are Gassmann equivalent.

Corollary V.2 (Central-shadow indistinguishability).
Let H1, H2 ≤ G satisfy zH1 = zH2 . Then their charac-
ter spectra coincide, and every class-convolution oper-
ator has identical spectral response on the two subgroup
shadows. More generally, any procedure whose depen-
dence on the hidden subgroup factors entirely through
Z(C[G]) cannot distinguish H1 from H2.

This limitation cannot be overcome by changing the
class function, combining multiple class-convolution
operators, or selecting such operators adaptively. Op-
timizing a central probe can change how the surviving
information is accessed, but cannot recover informa-
tion removed by projection onto Z(C[G]). Noncon-
jugate Gassmann-equivalent subgroups give intrinsic
central-shadow collisions, not artifacts of a particular
circuit or measurement prescription.

B. Hidden Subgroup Conjugacy Problem

A problem especially well matched to the conjugacy
invariance of the central shadow is the hidden subgroup
conjugacy problem (HSCP). In the HSCP, an oracle
hides a subgroup H ≤ G as in the ordinary hidden
subgroup problem, but the objective is only to know
its conjugacy class

[H]G = {gHg−1 : g ∈ G},

instead of the particular hidden subgroup [3]. This is
exactly the symmetry respected by the central shadow,
since zxHx−1 = zH for every x ∈ G.

The central shadow therefore defines a conjugacy in-
variant of the hidden subgroup. The relevant question
for the HSCP is whether this invariant is complete on
the family of subgroups under consideration.
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Proposition V.3 (Central-shadow criterion for the
HSCP). Let H be a promised family of subgroups of G.
The QCT central shadow is a complete invariant for
the HSCP on H if and only if

H1, H2 ∈ H, zH1 = zH2 =⇒ H1 ∼G H2.

Equivalently, H contains no pair of nonconjugate
Gassmann-equivalent subgroups.

Proof. Conjugate subgroups have identical central
shadows. Since the QCT is invertible on Z(C[G]), it
preserves equality and inequality of central shadows.
Thus the QCT central shadow reveals [H]G on H ex-
actly when [H]G ↦→ zH is injective on the promised
family, or equivalently when H contains no pair of non-
conjugate Gassmann-equivalent subgroups.

The criterion admits both positive and negative ex-
amples even among small symmetric groups. A simple
positive example occurs for the family of Klein four
subgroups of S4. Consider the Klein four subgroups

H1 = {e, (12)(34), (13)(24), (14)(23)}
H2 = {e, (12), (34), (12)(34)}.

Their class-intersection profiles are (1, 0, 3, 0, 0) and
(1, 2, 1, 0, 0), respectively. They are nonconjugate, and
zH1

̸= zH2
, so their subgroup conjugacy classes are

distinguishable by the central shadow.
However, this separation fails in general. In S6, con-

sider

H1 = {e, (34)(56), (35)(46), (36)(45)},
H2 = {e, (34)(56), (12)(56), (12)(34)}.

Each subgroup intersects the identity class once and
the class of cycle type 2212 three times, with empty
intersection with every other conjugacy class. So their
central shadows coincide: zH1

= zH2
. The subgroups

are Gassmann equivalent but nevertheless nonconju-
gate. Their orbit-size decompositions in the natural
action on six points are respectively 1 + 1 + 4 and
2 + 2 + 2, which are invariant under relabeling.

This also places the QCT relative to existing
HSCP and character-sampling algorithms. Writ-
ing ρH = 1

|G|
∑︁
x∈G |xH⟩⟨xH| for the single-

copy hidden-subgroup state, Bacon showed that the
single-copy hidden-subgroup conjugacy state ρ[H] =
1
|G|
∑︁
g∈G ρgHg−1 decomposes after Fourier transforma-

tion into scalar irreducible blocks whose coefficients
contain the same character averages

∑︁
h∈H χΓ(h) [3].

At the single-copy level, the central shadow captures
the conjugacy-invariant multiplicity data. The mul-
ticopy problem is richer: the conjugacy average of
several copies retains correlations between copies, and
Bacon’s Heisenberg-group algorithm uses a Clebsch–
Gordan transform and its multiplicity register to solve
the HSCP with two hidden-subgroup states.

For Sn, Bravyi, Gosset, Havlicek, and Schatzki con-
struct a polynomial-size quantum circuit that prepares
the uniform state over the conjugacy class Cg of a
specified permutation g and, after the Sn QFT, ob-
tains character amplitudes proportional to χΓ(g) [10].

Their circuit exploits the same scalarization of central
class sums underlying the QCT, but addresses a differ-
ent task: it takes a specified conjugacy class as input,
whereas the HSCP begins with an unknown hidden
subgroup. The circuit alone does not solve the HSCP.

The proposition above is information-theoretic; by
itself, it makes no claim about efficiency. Even when
distinct promised subgroup conjugacy classes have dis-
tinct central shadows, an efficient HSCP algorithm fur-
ther requires efficient access to the shadow, an efficient
QCT, and sufficient separation of the resulting spec-
tral data to permit discrimination with polynomial re-
sources. Conversely, a Gassmann collision is absolute
for central methods. No improvement in spectral prob-
ing or measurement can recover information already
removed by projection onto Z(C[G]). Multicopy trans-
forms such as the Clebsch–Gordan construction lie be-
yond this one-copy central restriction and may access
additional representation-theoretic correlations.

C. Graph Isomorphism

Graph Isomorphism provides an important test case
for the limitations of central information. The stan-
dard reduction of Graph Isomorphism to a hidden-
subgroup problem produces a nonabelian HSP over
a symmetric-group-related permutation group. This
problem was one of the principal motivations for the
study of nonabelian Fourier sampling, but it is also a
setting in which some of its strongest limitations are
known [36, 49].

For two rigid graphs on n vertices, the reduction is
formulated over the wreath product

G = Sn ≀ S2 = (Sn × Sn) ⋊ S2.

In the nonisomorphic case the hidden subgroup is triv-
ial, whereas in the isomorphic case it is generated by an
involution exchanging the two graph copies according
to an isomorphism between their vertex sets. Under
the standard embedding into S2n, these generators are
fixed-point-free involutions and hence have a definite
conjugacy-class signature. This makes the reduction
superficially well matched to a character-based anal-
ysis. The difficulty, however, is that this conjugacy-
class signature does not make the two HSP hypothe-
ses efficiently distinguishable by single-register Fourier
information, much less identify the underlying graph
isomorphism.

Indeed, Moore, Russell, and Schulman showed that
the Fourier-sampling framework does not provide suf-
ficient information for the Graph-Isomorphism-related
hidden-subgroup problem over symmetric groups [49].
Their result rules out even strong Fourier sampling in
this setting; the obstruction is information-theoretic
and cannot be overcome by choosing a different ba-
sis within an irreducible block. Since the QCT re-
tains only the conjugacy-invariant component of this
representation-theoretic information, the central re-
striction cannot bypass the Fourier-sampling barrier,
and the limitation extends to joint measurements on
a bounded number of coset states. Hallgren, Moore,
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R”otteler, Russell, and Sen showed that obtaining non-
negligible information for the Graph Isomorphism HSP
requires measurements entangled across Ω(n log n)
coset states [36], so the missing information can reside
in correlations among many hidden-subgroup states
and remain inaccessible to any single-copy central
statistic. Nor does the need for multicopy informa-
tion automatically make representation-theoretic siev-
ing sufficient. Moore, Russell, and Śniady showed
that a broad class of Kuperberg-style quantum sieve
algorithms, which iteratively combine representations
according to tensor-product decompositions, cannot
yield a polynomial-time algorithm for the Graph Iso-
morphism HSP; within their model the required run-
ning time is eΩ(

√
n) [50].

These results clarify the scope of the QCT rather
than diminishing its role. Full subgroup recovery
and central property testing are different computa-
tional tasks, and Graph Isomorphism demonstrates
that the multiplicity data retained by the central
shadow does not suffice for the full hidden-subgroup
problem. For families with distinct central shadows,
class-convolution operators may nevertheless be used
as discriminating central probes by weighting the ir-
reducible sectors differently. Such spectral processing
can increase the separation between distinct shadows
but, by Corollary V.2, cannot distinguish subgroups
whose central shadows coincide.

The Graph Isomorphism obstruction also indicates
where additional algebraic structure must enter. Pass-
ing beyond Z(C[G]) to noncentral operator algebras
can retain internal representation and relational in-
formation erased by centralization. For permutation
actions, orbital and coherent algebras provide nice ex-
amples of such extensions, connecting representation-
theoretic operators with coherent configurations and
Weisfeiler–Leman-type refinement. Developing trans-
forms for these larger algebras is beyond the scope
here, but the central case establishes the conjugacy-
invariant endpoint of what survives centralization and
when noncommutativity may become necessary.

VI. APPLICATIONS: GRAPHS, WALKS, AND
SYMMETRIC HAMILTONIANS

The connection between Fourier transforms and
graph spectra is already present in the abelian set-
ting. A circulant graph on n vertices is a Cayley
graph of the cyclic group Zn, and its adjacency matrix
is circulant and diagonalized by the discrete Fourier
transform [58], or on a quantum computer, the quan-
tum Fourier transform. Generally, for a finite abelian
group G, translation-invariant graph operators are con-
volution operators on C[G] and are diagonalized by
the group Fourier transform; the eigenvalues of an
abelian Cayley graph are the character sums over its
connection set [2, 58]. For a non-abelian group, or-
dinary convolution is no longer diagonalized by scalar
characters, and the non-abelian Fourier transform de-
composes into non-commutative matrix-valued blocks.
However, a distinguished commutative sector survives.

If the connection weights are invariant under conjuga-
tion, the convolution operator belongs to the center
Z(C[G]). The passage from QFT on circulant graphs
to QCT on conjugacy-invariant Cayley graphs extends
the familiar Fourier description of cyclic graph spec-
tra from abelian translation symmetry to non-abelian
conjugacy symmetry.

Permutohedron
(adjacent transpositions)

Interior edges
(additional transpositions)

(12)
(23)
(34)

(13)
(14)
(24)

FIG. 4. The permutohedral Cayley graph and its conju-
gacy completion for S4. The solid edges are the adjacent
transpositions (12), (23), and (34) and form the permu-
tohedral 1-skeleton Cay(S4, {(12), (23), (34)}). The dashed
edges are (13), (14), and (24). Together these six transposi-
tions form the conjugacy class C(2,12) and the normal Cay-
ley graph Cay(S4, C(2,12)). The permutohedral 1-skeleton
is a spanning subgraph of the normal Cayley graph. The
vertical embedding is graded by inversion number, or Cox-
eter length, from the identity 0123 at the bottom to the
longest element 3210 at the top; orienting the solid edges
upward is the weak Bruhat order on S4.

For each C ∈ Conj(G), define the relation

RC = {(g, h) ∈ G × G : gh−1 ∈ C}

and its adjacency matrix AC ∈ CG×G by

(AC)g,h = 1{gh−1∈C}. (14)

AC is the adjacency matrix of the relation graph asso-
ciated with C. Moreover, AT

C = AC−1 , so the relation
graph is undirected exactly when C = C−1. After or-
dering the conjugacy classes as C1, . . . , Cd, let Ai :=
ACi

, and Ki := KCi
. The collection {A1, . . . , Ad}

forms the conjugacy-class association scheme of G,
and its span is a commutative Bose–Mesner alge-
bra [1, 12, 34]. If ρ : G → GL(C[G]) is the left-regular
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representation, then ρ(Ki) =
∑︁
g∈Ci

ρ(g) is the left-
convolution operator associated with the class sum Ki.
In the group-element basis {|g⟩}g∈G , this operator has
matrix entries

(ρ(Ki))h,h′ = 1{hh′−1∈Ci} = (Ai)h,h′ .

Thus the adjacency algebra of the conjugacy-class
scheme is isomorphic to the center of the group al-
gebra, span{Ai}di=1

∼= Z(C[G]). In fact,

AiAj =

d∑︂
k=1

pkijAk, (15)

where pkij are the intersection numbers of the scheme,
counting the number of ways a path of types i, j whose
endpoints have relation k. The sums of the classes Ki

are in Z(C[G]), so the matrices Ai can also be diago-
nalized simultaneously.

The matrices Ai act on the full |G|-dimensional
group-element space C[G], and yet preserve Z(C[G]).
Its restriction to the center, expressed in the normal-
ized conjugacy-class basis, is the class-convolution ma-
trix TC defined in Section III.

TC =
[︂
AC |Z(C[G])

]︂
{|Ci⟩}

, (TC)ij = ⟨Ci|AC |Cj⟩

For S4, the Cayley-graph adjacency operators Ai are
24×24, while their central restrictions TC are the 5×5
class-convolution matrices displayed in (8).

even
classes

odd
classes

√
6

√
2

2
√

3

2
√

2
2
√

3

(14) (22) (3, 1)

(2, 12) (4)

FIG. 5. Bipartite class graph for the transposition class of
S4. The vertices are the normalized conjugacy-class states
|Ci⟩, and edge weights are the nonzero matrix elements of
the central restriction T(2,12) of A(2,12) =

∑︁
τ∈C

(2,12)
Lτ .

Since multiplication by a transposition reverses permuta-
tion parity, T(2,12) couples only even and odd classes.

A normal Cayley graph is obtained by choosing
a connection set S ⊆ G \ {e} that is both inverse
closed and conjugacy invariant. Equivalently, S is an
inversion-closed union of conjugacy classes,

S =
⋃︂
i∈I

Ci, Ci ⊆ S =⇒ C−1
i ⊆ S.

The graph Cay(G,S) has general adjacency operator
AS =

∑︁
i∈I Ai. Assigning a weight wi to each conju-

gacy class produces the weighted central adjacency

Aw =

d∑︂
i=1

wiAi. (16)

Related work treats general weighted Cayley graphs
through irreducible matrix coefficients [7]. A nor-
mal Cayley graph specifies one operator in the larger
commuting adjacency algebra of the conjugacy-class
scheme. The QCT provides a common spectral basis
for this entire algebra, simultaneously covering every
choice of connection set and class weights.

Association schemes have two canonical bases. The
matrices Ai form the adjacency, or relation, basis,
while the primitive idempotent projectors PΓ form
their common spectral basis.

Remark (Peirce interpretation). Define the primitive
central idempotents of C[G]

PΓ =
dΓ
|G|
∑︂
g∈G

χΓ(g) ρ(g). (17)

PΓ projects onto the dual Γ∗-isotypic component, and

satisfies P †
Γ = PΓ,

PΓPµ = δΓµPΓ,
∑︂
Γ∈ˆ︁G

PΓ = I|G|,

This is a central Peirce decomposition

span{Ai}di=1 =
⨁︂
Γ∈ˆ︁G

CPΓ.

Writing Ai =
∑︁

Γ pi(Γ)PΓ, the coefficients pi(Γ) are
the eigenvalues of Ai on the range of PΓ. By Schur’s
lemma,

pi(Γ) =
|Ci|χΓ(C−1

i )

dΓ
=

|Ci|χΓ(Ci)

dΓ
. (18)

In the regular representation, each projector has rank
d2Γ. For an individual operator, distinct sectors may
share the same eigenvalue.

The matrix Peig =
(︁
pi(Γ)

)︁
Γ,i

is the first eigenma-

trix of the conjugacy-class association scheme. The
standard eigenmatrix orthogonality relations supply
the class-size and multiplicity weights that render the
character transform unitary [1, 12]. After normaliza-
tion, the change between the adjacency and primitive
idempotent bases is expressed by the QCT.

Recent work on association schemes also provides
useful context for future direction. Translation associ-
ation schemes make the connection between convolu-
tion, group characters, and graph eigenmatrices, while
quantum association schemes extend the formalism to
noncommutative finite quantum spaces and quantum
graphs [35]. These coherent algebras carry both com-
position and a generalized Schur product. Under com-
position, each is a finite-dimensional C∗-algebra whose
center admits a QCT-type transform: an orthonormal
central basis and the primitive central projections, nor-
malized using a faithful trace, are related by a unitary
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transform that diagonalizes multiplication by central
operators. The center need not be closed under the
generalized Schur product and therefore need not it-
self define a quantum association scheme.

Returning to the conjugacy-class association
scheme, its algebra contains more than adjacency
matrices. Polynomials and functions of central
adjacency operators remain diagonal in the common
character basis. Their restrictions to class space
can therefore be represented and processed in the
smaller d-dimensional basis. These operators include
graph Laplacians, diffusion operators, random-walk
kernels, and Hamiltonians generating continuous-time
quantum walks. The following subsections develop
these applications.

A. Laplacians, Diffusion, and Graph Filtering

Let Aw =
∑︁
i∈I wiAi be the weighted adjacency

operator of a normal Cayley graph of G, where the
weights are real and nonnegative and satisfy wi = wi∗
whenever Ci∗ = C−1

i . The graph is weighted regular
with degree κ =

∑︁
i∈I wi|Ci|. For κ > 0, its combina-

torial and normalized Laplacians are

L = D−Aw = κI−Aw, Lnorm = I− 1

κ
Aw. (19)

Writing θΓ for the adjacency eigenvalues obtained
above, the Laplacian eigenvalues in sector Γ are

µΓ = κ− θΓ, νΓ = 1 − θΓ
κ
,

for the combinatorial and normalized Laplacians, re-
spectively. The trivial irrep, for which χtriv(g) = 1
for every g ∈ G, gives θtriv = κ and µtriv = 0, with
eigenvector the constant vector. This zero eigenvalue
is unique when the graph is connected.

On the central subspace, let Tw = Aw|Z(C[G]) and

Lcl = κI − Tw. The QCT diagonalizes these com-
pressed operators:

UQCTLclU
†
QCT = diag(µΓ),

UQCT

(︃
I − 1

κ
Tw

)︃
U†
QCT = diag(νΓ).

For a general undirected graph X with Laplacian L ,
graph Fourier analysis chooses an orthonormal eigen-
basis {uj} satisfying L uj = µjuj and defines the

graph Fourier coefficients of a signal f by ˆ︁fj = ⟨uj , f⟩.
In matrix form, if L = UΓU†, the graph Fourier trans-
form is FX = U†. Unlike the ordinary Fourier trans-
form, U depends on the particular graph and must
be obtained from its spectral decomposition [56]. For
conjugacy-invariant Cayley graphs, the QCT basis is
fixed by the representation theory of G and does not
depend on the class weights.

Functional calculus preserves the same spectral pro-
jectors. On the full group-element space,

e−tL =
∑︂
Γ∈ˆ︁G

e−tµΓPΓ, e−itL =
∑︂
Γ∈ˆ︁G

e−itµΓPΓ.

The first operator is the heat semigroup, or continuous-
time random-walk evolution, while the second is
continuous-time quantum-walk evolution with the
Laplacian as its Hamiltonian [28]. Restricting these
operators to the central subspace,

e−tLcl = U†
QCT diag(e−tµΓ)UQCT,

e−itLcl = U†
QCT diag(e−itµΓ)UQCT.

A graph filter φ(Lcl), such as the resolvent low-pass
filter (I + αLcl)

−1 or a band-pass filter, also acts di-
agonally in the QCT basis,

φ(Lcl) = U†
QCT diag

(︁
φ(µΓ)

)︁
UQCT.

The irreducible-character sectors Γ define the graph-
frequency decomposition, ordered by the Laplacian
eigenvalues µΓ, with larger values indicating higher
graph frequencies [38, 56].

B. Random and Quantum Walks

Let p : G → [0, 1] be a conjugacy-invariant prob-
ability distribution, and write pi = p(s) for s ∈ Ci.

Its normalization is
∑︁d
i=1 |Ci|pi = 1. Using the class-

sum adjacency operators defined above, the transition
operator of the discrete-time random walk is

P =

d∑︂
i=1

piAi. (20)

Viewing p as a class function, define θΓ := ˆ︁p(Γ), whereˆ︁p(Γ) is given by Eq. (18). Let Pcl = P|C(G) denote

the induced action on the class-function space. The
discrete character transform exposes the scalar eigen-
values:

UQCTPclU
†
QCT = diag (θΓ)Γ∈ˆ︁G . (21)

A central random walk on the full group algebra is
compressed by the QCT to one spectral coordinate for
each irreducible character.

For a symmetric ergodic walk, the trivial representa-
tion satisfies θtriv = 1, while the remaining eigenvalues
determine convergence to stationarity. The absolute
spectral gap is γ = 1 − maxΓ̸=triv |θΓ|. The mixing be-
havior of a conjugacy-invariant walk can be expressed
in terms of these character ratios.

A standard example is the random-transposition
walk on Sn. Let Ctr denote the conjugacy class of
transpositions, with |Ctr| =

(︁
n
2

)︁
, and choose each

transposition s ∈ Ctr with probability p(s) =
(︁
n
2

)︁−1
.

Equation (18) becomes

θΓ =
χΓ((12))

dΓ
.

The spectrum of the walk is encoded by the normalized
characters of the transposition class, as in the classical
representation-theoretic analysis of random walks on
finite groups [25]. The non-lazy random-transposition
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walk is periodic because every step changes permuta-
tion parity; in particular, the sign representation has
eigenvalue −1. A lazy version of the walk is required
for convergence to the uniform distribution in total
variation.

Repeated evolution remains diagonal in character
coordinates, which is the character-theoretic version of
diagonalizing a translation-invariant walk by the ordi-
nary Fourier transform. Convolution becomes multi-
plication, and the t-step evolution is obtained by rais-
ing each character-sector eigenvalue to the tth power.
The QCT records one sector eigenvalue θΓ for each

Γ ∈ ˆ︁G, whereas on the regular representation C[G],
this eigenvalue has multiplicity d2Γ. Therefore,

Tr(Pt) =
∑︂
Γ∈ˆ︁G

d2Γθ
t
Γ. (22)

Translation invariance makes the diagonal entries of Pt

equal, so the t-step return probability to any g ∈ G is

(Pt)g,g =
1

|G|
∑︂
Γ∈ˆ︁G

d2Γθ
t
Γ. (23)

The same spectral description applies to continuous-

time quantum walks. Let H =
∑︁d
i=1 wiAi be a central

Hermitian Hamiltonian, with class weights satisfying
wi∗ = wi whenever Ci∗ = C−1

i . Let w ∈ C(G) be the
class function defined by w(g) = wi for g ∈ Ci. The
Hamiltonian eigenvalues are ηΓ := ˆ︁w(Γ), where ˆ︁w(Γ) is
given by Eq. (18). Its compressed action Hcl = H|C(G)
has the evolution

e−itHcl = U†
QCT diag

(︁
e−itηΓ

)︁
Γ∈ˆ︁G UQCT. (24)

Evolution under a central Hamiltonian reduces in QCT
coordinates to independent phase evolution of the
irreducible-character sectors [28].

The diagonal form also allows a direct measurement
interface for spectral information. For a normalized

class-function state |ψ⟩ =
∑︁d
i=1 ai|Ci⟩,

UQCT|ψ⟩ =
∑︂
Γ∈ˆ︁G

ˆ︁aΓ|Γ⟩. (25)

Measurement in the character basis samples Γ accord-
ing to Pr(Γ | ψ) = |ˆ︁aΓ|2. The character-sector weights
can be sampled without reconstructing the full trans-
formed state classically, and observables diagonal in
the character basis can be estimated from repeated
measurements.

For a real-valued function F on the spectrum of Hcl,

F (Hcl) = U†
QCT

⎛⎝∑︂
Γ∈ˆ︁G

F (ηΓ)|Γ⟩⟨Γ|

⎞⎠UQCT. (26)

Its expectation in the state |ψ⟩ is

⟨F (Hcl)⟩ψ =
∑︂
Γ∈ˆ︁G

|ˆ︁aΓ|2F (ηΓ). (27)

F (x) = xk gives the spectral moments ⟨Hk
cl⟩ψ =∑︁

Γ∈ˆ︁G |ˆ︁aΓ|2ηkΓ.

For a subset S ⊆ ˆ︁G, the projector onto the sectors
indexed by S is

ΠS = U†
QCT

(︄∑︂
Γ∈S

|Γ⟩⟨Γ|

)︄
UQCT, (28)

with ⟨ψ|ΠS |ψ⟩ =
∑︁

Γ∈S |ˆ︁aΓ|2. This quantity measures
the total spectral weight carried by a chosen family of
symmetry sectors.

For quantum walks, the first moments determine av-
erage spectral quantities, higher moments probe the
eigenvalue distribution seen by the initial state, and
sector projectors determine its overlap with prescribed
symmetry components. The phases e−itηΓ control pe-
riodicity, interference, time-averaged mixing, and con-
ditions for state transfer. The QCT acts both as a
diagonalizing transform for class-invariant walks and
as an interface for sampling their symmetry-adapted
spectral observables.

C. Class-Symmetric Hamiltonians and Exchange
Dynamics

Let ρ : G → U(H) be a unitary representation on a
physical Hilbert space H. A class-symmetric Hamilto-
nian is one of the form

H =
∑︂
g∈G

Jg ρ(g), (29)

where Jhgh−1 = Jg and Jg−1 = Jg. The first condition
makes the coupling constant on each conjugacy class,
while the second ensures that H = H†. In terms of the
class sums Ki, the Hamiltonian is H =

∑︁d
i=1 Ji ρ(Ki),

where Ji = Jg for g ∈ Ci.
Each ρ(Ki) commutes with ρ(G). If the representa-

tion decomposes as

H ∼=
⨁︂
Γ∈ˆ︁G

CmΓ ⊗ VΓ,

then by Schur’s lemma

ρ(Ki)|CmΓ⊗VΓ
= ImΓ

⊗ |Ci|χΓ(Ci)

dΓ
IVΓ

.

The energy associated with the irreducible sector Γ is

EΓ =

d∑︂
i=1

Ji
|Ci|χΓ(Ci)

dΓ
. (30)

The QCT diagonalizes the class-algebra representation
of these operators, while their action on H follows from
the irreducible decomposition of ρ.

A paradigmatic example is the uniform
permutation-exchange interaction of n identical
spin- 12 particles. Let πij := ρ((ij)) denote the opera-
tor that swaps spins i and j. The group Sn acts on
the n-spin space by permuting tensor factors, and the
Hamiltonian

Hex = J
∑︂

1≤i<j≤n

πij = J ρ
(︁
K(2,1n−2)

)︁
(31)
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is the class sum of all transpositions in Sn. Its spec-

trum on the n-spin Hilbert space is EΓ = J
(︁
n
2

)︁χΓ((12))
dΓ

,
where only partitions λ ⊢ n with at most two rows oc-
cur in (C2)⊗n by Schur–Weyl duality [31]. This recov-
ers the energy levels of the permutation-symmetric ex-
change model without directly diagonalizing its 2n×2n

Hamiltonian. The trivial representation has energy
Etriv = J

(︁
n
2

)︁
; whether this is the highest or lowest

energy depends on the sign of J . For even n, the total-
spin-zero sector is the sector labeled by the partition
(n/2, n/2), not the sign representation, except when
n = 2. On the other hand, a nearest-neighbor chain
Hnn = J

∑︁n−1
i=1 πi,i+1 is not a class sum, since the ad-

jacent transpositions form only part of the full trans-
position class. The set of terms is not invariant under
conjugation by Sn, so Hnn does not commute with the
full permutation action and the character values alone
do not diagonalize it.

Returning to S4, the most general central class-sum
Hamiltonian on the 24-dimensional regular space is

H = J0I + J2ρ
(︁
K(2,12)

)︁
+ J22ρ

(︁
K(22)

)︁
+ J3ρ

(︁
K(3,1)

)︁
+ J4ρ

(︁
K(4)

)︁
(32)

where J0, J2, J22, J3, J4 ∈ R. Modulo the overall en-
ergy shift J0I, this is a four-parameter family. Re-
stricting to the five-dimensional center and applying
the QCT gives the diagonal matrix diag(EΓ), where

EΓ = J0 + J2
6χΓ((12))

dΓ
+ J22

3χΓ((12)(34))

dΓ

+ J3
8χΓ((123))

dΓ
+ J4

6χΓ((1234))

dΓ
. (33)

For the trivial representation, χtriv(g) = 1 for all
g ∈ S4, giving Etriv = J0 + 6J2 + 3J22 + 8J3 + 6J4.
The remaining four sector energies follow from the S4

character table.

D. Molecular and Permutation–Inversion
Dynamics

Class-sum Hamiltonians also appear in molecular
physics. Suppose that a finite permutation–inversion
group G acts regularly on a set of equivalent molecular
configurations, which may then be labeled by g ∈ G. If
tunneling or rearrangement processes are represented
by elements s ∈ G, an effective Hamiltonian can take
the form

H = E0I +
∑︂
s∈G

ts ρ(s), (34)

where ρ(s) permutes the configurations and ts−1 = ts.
The configuration space need not be the group itself;
it can be a homogeneous G-set.

If the amplitudes are constant on conjugacy classes,
so that thsh−1 = ts for all s, h ∈ G, then

H = E0I +

d∑︂
i=1

ti ρ(Ki)

is a class-symmetric Hamiltonian. In the language of
permutation–inversion groups used in molecular spec-
troscopy [15, 59], this condition assigns equal ampli-
tudes to rearrangements related by conjugation. The
energy in each irreducible sector is obtained from the
character formula of the preceding subsection. Such
class-invariant models provide a compact description
of tunneling splittings associated with large-amplitude
molecular motions.

x s·x

h·x hs·x

s = C2(z)

180◦ about z

h = C3([111])

120◦ about [111]

h = C3([111])

120◦ about [111]

hsh−1 = C2(x)

180◦ about x

FIG. 6. Conjugate symmetry operations on ideal tetra-
hedral methane. The tetrahedral symmetry group Td

∼=
S4 acts by permuting the four hydrogen vertices. Tak-
ing H1 = (1, 1, 1), H2 = (1,−1,−1), H3 = (−1, 1,−1),
and H4 = (−1,−1, 1), the rotation s = C2(z) induces
(H1H4)(H2H3) ∈ C(22), while h = C3([111]) induces

(H2H3H4) ∈ C(3,1). Conjugation gives hsh−1 = C2(x),
inducing (H1H2)(H3H4) ∈ C(22). The diagram commutes,

with h(s·x) = (hsh−1)·(h·x) = hs·x.

Consider six equivalent configurations arranged in a
cycle and let r generate the cyclic shift between them.
If hopping in either direction has amplitude t, the Her-
mitian tunneling Hamiltonian is

Hhop = E0I + t
(︁
ρ(r) + ρ(r−1)

)︁
.

For the cyclic group, the QCT reduces to the ordinary
finite Fourier transform and yields the energies

Ek = E0 + 2t cos

(︃
2πk

6

)︃
, k = 0, . . . , 5.

If the model is instead formulated using a dihedral
permutation–inversion group, the pair {r, r−1} belongs
to one conjugacy class, and the same Hamiltonian is a
class sum.

E. Symmetry-Aware Learning

Symmetry-aware learning architectures seek to en-
code known invariances directly into the representa-
tion and admissible learned operators without relying
solely on their recovery from augmented data [11, 22].
For data represented by class functions f ∈ C(G),
conjugation invariance reduces the ambient function
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space on G to the d-dimensional class space, where

d = |Conj(G)| = |ˆ︁G|. The QCT coordinates ˆ︁aΓ in
Eq. (25) give a fixed symmetry-adapted representation
that can precede either a classical or quantum learning
model.

The QCT also provides a spectral parameterization
of the entire algebra of class-convolution layers. A
trainable central convolutional layer can be parame-
terized by its response on the irreducible-character sec-
tors. Such a layer has d spectral parameters, compared
with d2 entries for an unrestricted linear operator on
the class space. When a class-convolution operator
serves as a graph shift, repeated linear propagation
multiplies each character-sector amplitude by succes-
sive powers of its spectral multiplier. This describes
the linear propagation step in message-passing archi-
tectures [24, 45].

The same representation permits symmetry-adapted
spectral filtering and dimensionality reduction. Writ-

ing f in normalized class coordinates, let Γ ⊆ ˆ︁G and
define the diagonal selector DΓ =

∑︁
Γ∈Γ |Γ⟩⟨Γ| . The

map f ↦−→ DΓUQCTf retains only selected irreducible-
character sectors, giving a |Γ|-dimensional represen-
tation after the discarded coordinates are removed.
When the class-convolution operators describe adja-
cency or propagation, this restriction can be viewed
as symmetry-adapted spectral pooling, where informa-
tion is retained or discarded at the level of representa-
tion sectors, not individual group elements. Multiple
learned class-convolution filters can be combined with
sector selection, nonlinear processing, or measurement
for classification and discrimination tasks.

F. Conjugacy Orbits and Geometric Invariance

A geometric interpretation is found when G is rep-
resented in Pin(V,Q) or Spin(V,Q), with Q nonde-
generate. Group conjugation is the Clifford sandwich
action,

R ↦−→ URU−1, U,R ∈ G ⊂ Cℓ(V,Q)×, (35)

so conjugacy classes are orbits of Clifford elements un-
der this action. For a rotorR = exp(−B/2) with bivec-

tor B ∈
⋀︁2

V , conjugation is

URU−1 = exp

(︃
−UBU

−1

2

)︃
.

Conjugation transports the generating bivector by the
group action [26]. The stabilizer of R under conjuga-
tion is its centralizer, ZG(R) = {U ∈ G : UR = RU},
so its conjugacy orbit has the homogeneous-space de-
scription

OR ≃ G/ZG(R).

When G is a Lie subgroup of Spin(V,Q), its tangent
space at R is TROR = {[X,R] : X ∈ g}, while the
elements satisfying [X,R] = 0 form the Lie algebra of
the centralizer [47]. For finite G, these orbits are the
discrete conjugacy classes CR. Passing from individual

group elements to conjugacy-class coordinates discards
position within an orbit while retaining its class label.
The discrete QCT converts these class coordinates into
irreducible-character sectors,

|CR⟩
UQCT↦−→

∑︂
Γ∈ˆ︁G

ˆ︁aR(Γ) |Γ⟩ . (36)

This orbit-space formulation also motivates a contin-
uous extension of the character transform, replacing
the discrete conjugacy-class basis by functions on the
conjugacy-orbit space of a compact group and the fi-
nite character table by the continuous character trans-
form.

VII. CONCLUSION

The quantum character transform is the discrete
Fourier transform over the center Z(C[G]) of a group
algebra, which confirms its operator-theoretic set-
ting. Conjugacy-class states and irreducible charac-
ters form dual bases of the same commutative alge-
bra, and the QCT simultaneously diagonalizes every
class-convolution operator. Central operators share a
common spectral calculus in which convolution, Hamil-
tonian evolution, spectral filtering, and other ma-
trix functions are diagonal operations on irreducible-
character labels.

I further corroborate that the complexity of the
QCT is closely tied to that of the non-abelian group
Fourier transform, through its canonical restriction to
the center. For finite groups with an efficient QFT,
this gives the asymptotic QCT bound

O
(︁
cost(QFTG) + poly(log |G|, log(1/ϵ))

)︁
.

Whenever the restriction overhead is asymptoti-
cally bounded by the QFT cost, this simplifies to
cost(QCTG) = O

(︁
cost(QFTG)

)︁
. The transform ap-

plies whenever the relevant operator is conjugacy in-
variant. Normal Cayley graphs and their quantum
walks, class-symmetric many-body Hamiltonians, ex-
change and molecular permutation dynamics, and
symmetry-sector filters are all instances of the same
central spectral problem. Still, the scope of the char-
acter transform should be stated precisely. Because
class-convolution operators are central, they are block-
scalar on irreducible sectors but do not retain the
internal matrix-index information present in the full
non-abelian Fourier transform. For this reason, the
QCT should not be oversold as a universal replacement
for non-abelian Fourier sampling in hidden subgroup
problems. Over groups such as Sn, there are strong
limitations on what Fourier-sampling approaches can
learn from single coset states, and those limitations
should temper any claim that central class-operator
measurements alone can overcome the known barriers
surrounding graph-isomorphism-type instances. The
correct message is narrower and stronger; central op-
erators provide the right tool for conjugacy-invariant
spectral questions, while non-central operators remain
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necessary for finer, less understood measurements be-
yond the class algebra.

The restriction method leaves a central complexity
question unresolved. Most importantly, it establishes
an upper bound inherited from the quantum Fourier
transform but does not settle the optimal complex-
ity of generating character tables on a quantum com-
puter. Subsequent work demonstrates that QCT algo-
rithms can improve upon this inherited bound without
passing through the full group Fourier transform [52].
For groups such as Sn, the gap between the group
and class register sizes means that character trans-
form algorithms specialized to the group and operat-
ing entirely in the compressed class space could use

substantially lower resources than restriction-based al-
gorithms. Discovering if more sub-Fourier implemen-
tations exist across different groups, how efficiently
their character data can be computed, and whether
these reductions translate into end-to-end advantages
for symmetry-adapted simulation is the foreseeable fu-
ture for the character transform.
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der endlichen gruppen durch lineare substitutionen.
Sitzungsberichte der Königlich Preußischen Akademie
der Wissenschaften zu Berlin, pages 994–1015, 1897.

[31] William Fulton and Joe Harris. Representation The-
ory: A First Course, volume 129 of Graduate Texts in
Mathematics. Springer-Verlag, New York, 1991.

[32] Fritz Gassmann. Bemerkungen zur vorstehenden ar-
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