ROTOR-VALUED ORIENTATION AS GENERALIZED CLIFFORD GEOMETRY
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ABSTRACT. Grassmann’s exterior orientation, encoded by the antisymmetry of the wedge product and inherited
in Clifford algebra through the anticommutation of orthogonal generators, is shown to be an order-two rotor
acting in the oriented plane. Clifford’s geometric algebra therefore appears as the binary limit of an orientation
geometry in which reversion carries rotor phase rather than discrete sign reversal. The exchange symmetry
induced by reversion admits a harmonic decomposition, and Clifford’s geometric product is shown to be the
Zo Fourier decomposition of transposition. At the root lie the generalized geometric product and phase-valued
orientation invariants generalizing signed area and signed volume. I use these developments to derive Morris’s
generalized Clifford algebra (GCA) canonically from Clifford geometry, identifying the geometric origin of its
axiomatic deformation.

1. INTRODUCTION

Generalized Clifford (GCA), Weyl-Heisenberg, and ¢-deformed algebras appear throughout mathematical
physics, quantum theory, representation theory, and noncommutative geometry where the common feature is
the replacement of commutation or anticommutation by generalized exchange relations carrying finite phase [5].
Although algebraically well-developed, their underlying geometric meaning has remained comparatively opaque.
In particular, deformation parameters g and w are usually treated as external scalar phases rather than geometric
orientation objects. At the same time, exterior and Clifford geometry are fundamentally theories of orientation.
In exterior algebra, vectors a,b determine an oriented area element a A b, whose magnitude measures parallelo-
gram area while its sign records orientation. The skew-symmetry of the wedge product a A b = —b A a encodes
the fact that reversing the ordering of vectors reverses orientation. In geometric algebra this appears through
the decomposition ab = a - b+ a A b, where the wedge product carries the antisymmetric orientation structure of
the geometric product (Clifford [2], Hestenes [4]).

Exterior geometry carries a fundamentally binary, or Zs-graded, orientation theory, and a central observation
of the present work is that this binary sign hides a rotational interpretation— orientation reversal is a half-
turn in the oriented bivector plane determined by the vectors themselves. Signed orientation is not merely a
combinatorial parity rule, but the simplest instance of a deeper geometry of orientation transport, suggesting a
natural generalization in which orientation exchange carries rotor phase rather than collapsing to binary sign.
The fundamental mechanism is reversion itself. Exchange is generated by the elementary transposition 7, which
reverses the ordering of vectors. In orthogonal Clifford geometry this reversal induces the binary rotor R = —1,
and more generally generates a local rotor-valued exchange

ab = (ba)R,

with R determined by the geometry of the transposed pair. Exterior forms, determinants, and oriented volume
elements also admit rotor-valued refinements in which permutation parity evolves into phase-valued orientation
data.

2. THE GEOMETRIC PRODUCT
For unit vectors a, b separated by angle 6, it is well known that the geometric product is decomposed as

ab=a-b+aANb=cosf+ Bsinf,

where B is the unit bivector of the oriented ab-plane. Since B? = —1, one has the rotor exponential identity
e?B = cosf + Bsinf. Thus for unit vectors,

(1) ab =P,
The geometric product itself defines a rotor in the local wedge plane. Likewise, ba = e~9Z, and reversing order

is reversing the product rotor’s orientation, or changing the sign of the bivector generator. In particular, for an
orthonormal pair a = ey, b = e, one has

0
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The geometric product of orthogonal basis vectors is itself a quarter-turn rotor generated by the local bivector
plane.



More generally, ab=a-b+aAb, and ba = a-b— a A b, so the failure of commutativity appears to be entirely
controlled by the oriented bivector component. Whenever ba is invertible and non-null, one may write

ab = (ba)R, R = (ba) tab
=a b7 ab.

In the unit vector case a? = b? = 1, this simplifies to R = abab = (ab)?. Since ab = €?B . one obtains R = ¢2/B,
and,

(3) ab = (ba)e?B.

So we note, reversing the order of vectors gives rise to a local right exchange rotor R generated by the same
bivector plane as the geometric product itself.

2.1. Metric-Orientation Coupling. In Grassmann’s exterior algebra [3] one has a Ab = —bAa, so exchanging
vectors reverses orientation by a sign. However, the sign reversal is universal and independent of the metric
magnitude of the bivector itself. This is geometrically significant: the wedge a A b simultaneously encodes both
area magnitude and orientation plane, yet exterior antisymmetry acts only on the orientation component.

Indeed, in Euclidean signature one has (aAb)? = —|aAb|?, so the bivector a Ab contains both metric magnitude
and orientation plane information. Writing a Ab = |a Ab| Bap, exterior antisymmetry acts only on the orientation
factor Bgp, leaving the metric magnitude |a A b| unchanged. If By, = f;—ﬁj‘ denotes the unit bivector of the
oriented ab-plane, then B?, = —1, and hence —1 = e™Bav . In the orthonormal case, one has |a A b| = 1, and

therefore By, = a A b, so the sign reversal may be interpreted geometrically as

—(a A b) = (a Ab)e™ @),

More generally, exterior antisymmetry becomes a A b = (b A a)e™Pab. Signed orientation is a half-turn rotor

generated by the local oriented plane. The outer product induces an order-two rotor geometry latent within
exterior algebra.

The exchange relation also shows that a rotor-valued exchange cannot be treated as a deformation of the
exterior part alone. Starting from the ordinary Clifford decomposition, suppose that the reversed ordering differs
from the original product by a right exchange rotor, ab = (ba)R. Equivalently, ba = (ab)R~'. We find,

ab = (ba)R.
= (a cb—aAN b)R
=(a-b)R—(a AD)R.
Moving all terms to one side and factoring on the right gives
(a-b)1—R)+ (aAb)(1+R)=0.

Thus the scalar metric component and the bivector orientation component are not independent under a nontrivial
rotor-valued exchange. If a and b are parallel, then a Ab = 0, and the condition is (a-b)(1 — R) = 0. For nonzero
a - b, this forces R = 1, so parallel vectors commute. If a and b are orthogonal, then a - b = 0, and the condition
is (a Ab)(1 + R) = 0. For nonzero a A b, this forces R = —1. For a generic pair, both a - b and a A b are nonzero,
and the exchange relation therefore implies

(4) (a-b)(1—R)=—(aAb)(1+ R),

so the metric and orientation sectors are phase-coupled by the exchange rotor R. In orthogonal Clifford algebra
this coupling collapses to the binary cases R = £1, giving the familiar separation between symmetric metric part
and antisymmetric exterior part.

2.2. Character Decomposition of the Geometric Product.

Theorem 2.1 (The Geometric Product as a Fourier Decomposition). Clifford’s geometric product is the Zs
Fourier decomposition of the transposition operator

7(ab) = ba.

Proof. Let 7 denote the elementary reversion operator on an ordered vector product, 7(ab) = (ba). In the

orthogonal Clifford basis, exchange gives the binary exchange rotor R = —1, so 7(ab) = (ba) = (ab)R~! = —ab.

To determine the exchange sectors of the geometric product, one seeks a basis in which the exchange operator is

diagonal, i.e. a basis of eigenvectors of 7. More specifically, 7 € S,, is a transposition, and since exchanging twice

returns the original order, 7 is an involution, and its possible eigenvalues are A\ = 1. The eigenspaces are obtained

by forming the symmetric and antisymmetric combinations of ab. Indeed, 7(ab + ba) = ba + ab = ab + ba,z so
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ab+ ba lies in the +1-eigenspace of 7, while 7(ab—ba) = ba —ab = —(ab—ba), so ab— ba lies in the —1-eigenspace
of 7. Thus the projectors onto the two exchange eigenspaces are
1

1
H+:§(1+7_), H_:i(lfT)

Since 72 = 1, the exchange action generates the regular representation of Zs on the orbit span{ab,ba}. In the
ordered basis (ab, ba), the normalized character table diagonalizes the action of p(7)

o= (3 ) (00 (2 1)-(0 %)
V2 V2 V2 V2

Thus the Fourier basis separates the trivial and sign representations of exchange.
1 1
I, ==(1 I =—-(1-
L= 5047, S(1=7),
are the spectral projectors of 7, or equivalently the character idempotents of the group algebra C[Zs]. Applying

these to ab gives

&)

I, (ab) = 5

II_(ab) = %(1 —7)(ab) = %(ab —7(ab)) = %(ab —ba) =

1+ 7)(ab) = %(ab +7(ab)) = %(am ba) = %(ab+ (ab)R~Y) = %ab(l + R,

1 1
5(ab — (ab)R™1) = 5ab(1 ~R7Y).
For vectors, these projectors recover Clifford’s symmetric and antisymmetric products. Hence
ab =11, (ab) + II_(ab) =a-b+aAb.
O

The character decomposition above leads to a finite cyclic generalization in which the binary exchange rotor
R = —1 is replaced by a higher-order exchange rotor. Interestingly, the same finite cyclic exchange may arise
from two distinct mechanisms. In orthogonal Clifford geometry, the angle of the geometric product rotor ab =
e?Bav is induced by the metric orientation spacing between vectors (2). The corresponding exchange rotor is
R = (ab)? = €?Bav where § = 7/2 follows from the orthogonality of the generators (3). If the vectors are
instead separated by 6 = 7/d, then R? = 1, yielding a finite cyclic exchange.

In contrast, Weyl systems [7] use matrices to exhibit the same exchange transport through an algebraic
mechanism rather than metric spacing. The generators satisfy UV = wV U, w? = 1, [6] where the cyclicity arises
from the finite order and noncommutation of the clock U and shift V' matrices. Importantly, the Weyl generators
remain orthogonal in the Frobenius sense, (U,V)p = tr(U'V) = 0, independently of d. The additive metric
geometry does not detect the cyclic exchange angle, reflecting two different geometric notions. The Frobenius
inner product measures additive operator alignment, while the exchange invariant

R = (ba)"*(ab) = [b, a]c
measures multiplicative orientation transport through the multiplicative group commutator of the ordered pair.

Definition (Generalized Geometric Product). Let V be a vector space equipped with the elementary reversion
operation T, inducing a relation ab = (ba)R, where R = €8 is an invertible exchange rotor determined by the
pair (a,b).

T:VRV-VRV, 7" (ab) = (ab)R™™, m € Z.
A generalized geometric product is a bilinear product whose multiplication admits a harmonic decomposition under
the action of T.

In the finite cyclic case, when m € Zy and R¢ = 1, the product decomposes into Z4-exchange sectors
d—1 =
_ _ - —km __m
(5) ab = ,;,0 Tk (ab), I, = pi mg_OR 7M.

Now, the local exchange operator satisfies 7¢ = 1, with eigenvalues 1, R, R?, ..., R%~!. The symmetric/antisymmetric
split is then replaced by a Z4-exchange decomposition, and these projectors are in fact the character idempotents

of the cyclic group algebra C[Z,], with I = IIj, IL;II; =0 (j # k), Z;é IT;, = 1. For d = 3, one obtains three
sectors ab = (ab)o + (ab)1 + (ab)a, with

1 1 1
My = o(1+7 +7%), I = 3(1 +R T+ R, I = 3(1 + R+ R'77)

1 1
:§(1+R27+R72), :§(1+RT+R272).

The sector (ab)o is the exchange-invariant or metric-like part. The remaining sectors (ab); and (ab)s are conjugate
orientation-phase sectors. Thus, for d = 3, the analogue of the wedge/outer part no longer consists of a single
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antisymmetric component. It splits into two cyclic orientation sectors, corresponding to the two nontrivial cubic
roots of unity.

3. CONCLUSIONS

The harmonic exchange decomposition developed here reveals the geometric product as the Zs character
decomposition of transposition, while generalized Clifford algebras and Weyl-type exchange structures emerge
naturally from higher-order exchange rotors. Recognizing —1 = €™ as a hidden rotor suggests a systematic
theory of geometric algebra with rotor-valued orientation. We anticipate applications to spinor theory [1] and
anyonic exchange symmetries in physical systems, where phase is accumulated through compositions of noncom-
muting exchange rotors. A promising direction for future work is the development of transform and operator
theories compatible with rotor-valued exchange, where orientation transport may be incorporated directly into
the algebraic kernel itself, potentially yielding generalized convolutional and harmonic frameworks beyond the
binary orientation of classical Clifford geometry.
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